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$\mathrm{r}\mathrm{M}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{Z}\mathrm{e}f(x)$ subject to $x\in D$ ,
$f$ : $\mathrm{R}^{n}arrow \mathrm{R}$ , $D\subseteq \mathrm{R}^{n}$ .
, $D$ , $f$ ,
.
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$\mathrm{R}\mathrm{U}\{-\infty\}$ . , 1 , $f$ $g$
1 . , $\langle p^{*}, x\rangle=\sum_{i}n=1P^{*}i^{X}i$ . ae
1( [38]) $f$ , $g$ , . $g(x)\leq$
$f(x)(\forall x\in \mathrm{R}^{n})$ , $\alpha^{*}\in \mathrm{R},$ $p^{*}\in \mathrm{R}^{n}$ ,
$g(x)\leq\alpha^{*}+\langle px\rangle*,\leq f(x)$ $(\forall x\in \mathrm{R}^{n})$ .
Fenchel , . $f$ ,
$f \cdot(p)=\sup\{\langle p, x\rangle-f(X)|x\in \mathrm{R}^{n}\}$ $(p\in \mathrm{R}^{n})$ (1)
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2: (Fenchel-Legendre transform)
$f\cdot$ : $\mathrm{R}^{n}arrow \mathrm{R}\cup\{+\infty\}$ $f$ ( ) . $f$. 1
. $f\mapsto f$. ,
Legendre . , $f$
$P$ $\sup$ $x=x(p)$ , $x=x(p)$
$f’(x)=p$ , $f\cdot(p)=’\langle p, x(p)\rangle-f(x(p))$ .
, $n=1$ , $-f\cdot(p)$ , $y=f(x)$
$P$ $y$ $y$ ( 2).
ae , $g$ ( ) $g^{\mathrm{O}}$ : $\mathrm{R}^{n}arrow \mathrm{R}\cup\{-\infty\}$
$g^{\mathrm{o}}(p)= \inf\{\langle p, x\rangle-g(x)|x\in \mathrm{R}^{n}\}$ $(p\in \mathrm{R}^{n})$ (2)
, Fenchel .






















$f$ : $- \mathrm{Z}^{n}arrow \mathrm{Z}\mathrm{U}\{+\infty\}$ ,
. ,
, 1 ,
[ ] $f$ , $g$ , $g(x)\leq f(x)$
$(\forall x\in \mathrm{Z}^{n})$ , $\alpha^{*}\in \mathrm{Z},$ $p^{*}\in \mathrm{Z}^{n}$ ,




, $\mathrm{R}^{n}$ $f$ : $\mathrm{Z}^{n}arrow \mathrm{Z}\mathrm{U}\{+\infty\}$
$\uparrow 1$ . 1 $(n=1)$ ,
$f(x-1)+f(x+1)\geq 2f(x)$ $(\forall x-\in \mathrm{Z})$ $.(3)$
, . , $(n\geq 2)$
, .
1 $n=2$ , $f(x_{1}, x2)= \max(0, X_{1}+x_{2}),$ $g(x1, X2)= \min(X_{12}, X)$
. $f,$ $g$ $\mathrm{Z}^{2}$ , $\mathrm{R}^{2}$ $\overline{f}$ , -g
($\overline{f},$ $\overline{g}$ $f,$ $g$ ). , $\overline{f}(x)\geq\overline{g}(x)$ , $p^{*}=(1/2,1/2)$
$\overline{f}(x)\geq\langle p^{*}, x\rangle\geq\overline{g}(x)(x\in \mathrm{R}^{2})$ , $p^{*}$ $f$ $g$
. , $f$ $g$ .
.









$\rho$ : $2^{V}arrow \mathrm{Z}\cup\{+\infty\}$ ,
. $\rho(X)+\rho(\mathrm{Y})\geq\rho(X\mathrm{u}Y)+\rho(X\cap \mathrm{Y})$ (X, $\mathrm{Y}\subseteq V$)
, $(\rho(\emptyset)=0, \rho(V)<+\infty$ ).
. , 60
, 80 .
, $\rho$ : $2^{V}arrow \mathrm{Z}\cup\{+\infty\}$ Lov\’asz
\dagger 2 $\hat{\rho}$ : $\mathrm{R}^{V}arrow \mathrm{R}\mathrm{U}\{+\infty\}$ , $\lceil_{\rho}$ $\Leftrightarrow\hat{\rho}$
. , , .
3(Frank [7]) $\rho$ : $2^{V}arrow \mathrm{Z}\cup\{+\infty\}$ , $\mu$ : $2^{V}arrow \mathrm{Z}\cup\{-\infty\}$
$\uparrow 3$ , $\mu(X)\leq\rho(X)(\forall.X\subseteq V)$ , $x^{*}\in \mathrm{Z}^{V}$ ,
$\mu(X)\leq x^{*}(X)\leq\rho(X)$ $(\forall X\subseteq V)$ .
, , $=$
$+$ .
, ( ) $B\subseteq \mathrm{Z}^{V}$ ,
( $\mathrm{B}$-EXC) $x,$ $y\in B$ $u\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}^{+}(x-y)$ ,
$v\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}-(x-y)$ $x-\chi_{u}+xv\in B$ $y+\chi_{u}-\chi_{v}\in B$
, $\dagger 4.$. $\chi_{u}\in$. $\{0,1.\}^{V}|$ $u\in.V$
, $\mathrm{S}\mathrm{u}\mathrm{P}\mathrm{p}^{+}(x-y)=\{u\in V|\dot{x}(u)>y(u)\},$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}^{-}(X -y)=\{v\in$
$V|x(v)<y(v)\}$ . ( $\mathrm{B}$-EXC) , B. 2 $x,$ $y$ ,
2 $x-\chi_{u}+\chi_{v},$ $y+\chi_{u}-xv$ ,
.
$\uparrow 2\hat{\rho}$ , $\lambda>0$ $p\in \mathrm{R}^{n}$ $\hat{\rho}(\lambda p)=\lambda\hat{\rho}(p)$ .
$\uparrow 3-\mu$ , $\mu$ . , $\rho(\emptyset)=\mu(\emptyset)=0,$ $\rho(V)<$
$+\infty,$ $\mu(V)>-\infty$ .
$\uparrow 4B\subseteq\{0,1\}^{V}$ , .
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. $x\in \mathrm{Z}^{V-},X\subseteq V$ ,
$x(X)= \sum v\in xX(v)$ .
4([10] ) ( )
$B$ $\mapsto$ $\rho:\rho(X)=\sup\{x(X)|x\in B\}$ $(X\subseteq V)$ ,
$\rho\mapsto$ $B=\{x\in \mathrm{Z}^{V}|x(X)\leq\rho(X)(\forall X\subset V), x(V)=\rho(V)\}$
, $B$ $\rho$ 1 1 .
, . $D\subseteq \mathrm{R}^{n}$
, $\delta_{D}$ : $\mathrm{R}^{n}arrow \mathrm{R}\mathrm{U}\{+\infty\}$ $\delta_{D}(x)=0(x\in D),$ $=+\infty(x\not\in D)$
, $D$ $\Leftrightarrow\delta_{D}$ . $\delta_{D}$
$\delta_{D}$ , $D$ .
4 ,
. ,




$p,$ $q\in \mathrm{Z}^{V}$ , ,
$p\vee q,$ $p\wedge q$ ( $(p \vee q)..(v)=\max(p(v), q(v.).),$
.
$(p\wedge q)(v)=$
$\min(p(v), q(v))(v\in \mathrm{Z}^{V})$ ). $g.:\mathrm{Z}^{V}arrow \mathrm{Z}.\cup\{+\infty\}$ , 2 .
[ ] $g(p)+g(q)\geq g(p\vee q)+g(p\wedge q)$ $(p, q\in \mathrm{Z}^{V})$ ,
[1 ] $\exists r\in \mathrm{Z},$ $\forall p\in \mathrm{Z}^{V}:.g(p+1)=g(p)+7^{\cdot}$
( $1=(1,1,$ $\ldots,$ $1)\in \mathrm{Z}^{V}$ )
, $g$ $\mathrm{L}$ . , $\mathrm{d}\mathrm{o}\mathrm{m}g=\{x\in \mathrm{Z}^{V}|g(x)<$
$+\infty\}$ ( ) . Lov\’asz
$\mathrm{L}$ , .
, $f$ : $\mathrm{Z}^{V}arrow \mathrm{Z}\mathrm{U}\{+\infty\}$ ,
( $\mathrm{M}$-EXC) $x,$ $y\in \mathrm{d}\mathrm{o}\mathrm{m}f$ $u\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}^{+}(x-y)$
, $v\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}^{-}(x-y)$ -
$f(x)+f(y)\geq f(_{X}-\chi u+xv)+f(y+x_{u}-\chi_{v})$
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, $f$ $\mathrm{M}$ $\uparrow 5$ ( $\mathrm{d}\mathrm{o}\mathrm{m}f\neq\emptyset$ ). (M-EXC)
, 2 $x,$ $y$ , 2 $x-\chi_{u}+\chi_{v},$ $y+xu-x_{v}$
, .
(i), (ii) , ( $\mathrm{M}$-EXC) ( $\mathrm{B}$-EXC)
:
(i) $\mathrm{M}$ , .
(ii) $B\subseteq \mathrm{Z}^{V}$ $\Leftrightarrow B$ ( $\mathrm{Z}^{V}$ ) $\mathrm{M}$ .
, $\mathrm{M}$ $\mathrm{L}$ .
2( ) $s$ $A(s)$
. $A(s)$ $m$ $m\cross n$ , $V$ .
,
$\mathrm{A}$
1 2 3 4
$s+1$ $s$ 1 $0$
$A(s)=$ ,
1 1 1 1
$m=2,$ $n=4,$ $V=\{1,2,3,4\}$ . $A(s)$ $V$
$B(\subseteq 2^{V}),$ $B$ $B(\subseteq\{0,1\}^{V})$
. , $B=\{\chi_{J}|J\in B\}$ ( $\chi_{J}$ $J$ ). $B$
( $\mathrm{B}$-EXC) , . , $A(s)$
2 $A(s)$ ,
$B=\{(1,1,0,0), (0,0,1,1), (1,0,1, \mathrm{o}), (1,0,0,1), (0,1,1,0), (0,1,0,1)\}$
. $J\in B$ $A(s)$ ($m$ ) $A[J]$ ,
$\det A[J]$ $s$ ( $0$ ) , $\deg_{s}\det A[J]$
.
$f(x)=\{$
$-\deg_{S}\det \mathrm{A}[J]$ $(x=\chi_{J}, J\in B)$
$+\infty$ (otherwise)
$f$ : $\mathrm{Z}^{V}arrow \mathrm{Z}\mathrm{U}\{+\infty\}$ $\mathrm{M}$ [2]. ,
$B_{0}=\{(1,1,0,0), (0,0,1,1)\}$ , $f(x)–0(x\in B_{0}),$ $=-1(x\in B\backslash B_{0})$ ,
$=+\infty(x\in \mathrm{Z}^{V}\backslash B)$ .
. ..
$\mathrm{L}$ . $P\in \mathrm{Z}^{V}$ , $s^{p_{v}}(v\in V)$
$n$ $D(p)$ , $A$ $D(p)$ $J$
$(A\cdot D(p))[J]$ . $g:\mathrm{Z}^{V}arrow \mathrm{Z}$
$g(p)= \max\{\deg_{s}\det(A\cdot D(p))[J]|J\in B\}$
$\uparrow 5\mathrm{d}\mathrm{o}\mathrm{m}f\subseteq\{0,1\}^{V}$ $\mathrm{D}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{s}-\mathrm{w}\mathrm{e}\mathrm{n}\mathrm{z}\mathrm{e}\iota[2]$ .
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$\text{ }$ , $\mathrm{L}$ . ,
$g(p)= \max(p_{1}+p_{2},p3+p4, p1+p3+1, p_{1}+p_{4}+1, p_{2}+p_{3}+1, p_{2}+p4+1)$
. $\square$
, , $\mathrm{M}$ , $\mathrm{L}$ [30,
32, 35].
5
$\mathrm{M}$ , $\mathrm{L}$ , .
, $\mathrm{M}$ , $\mathrm{L}$
.
5( [30]) $\mathrm{M}$ , $\mathrm{L}$ .
$f\cdot$ : $\mathrm{Z}^{V}arrow \mathrm{Z}\mathrm{U}\{+\infty\}$ , (1) ,
$f \cdot(p)--\sup\{\langle p, X\rangle-f(_{X)}|x\in \mathrm{z}^{V}\}$ $(p\in \mathrm{Z}^{V})$ (4)
. , $\mathrm{M}$ $\mathrm{L}$ ,
4( ) – . 2 $f$ $g$ ,
.
6 $(..[30].)$‘ ( ) $f\mapsto g=f\cdot,$ $g.-f=g$ ,.
$\mathrm{M}$ $f$ $\mathrm{L}$
$g$ 1 1 . , $f\cdot\cdot=f,$ $g$ $=g$ .
, $\mathrm{M}$ $\mathrm{L}$ ,
. . , , 2
, $f\mapsto f$. .
. $(\mathrm{M}, \mathrm{L})$ $g:\mathrm{Z}^{V}arrow \mathrm{Z}\mathrm{U}\{-\infty\}$ ,
$\mathrm{d}\mathrm{o}\mathrm{m}g=\{x\in \mathrm{Z}^{V}|g(x)>-\infty\}$, $g^{\mathrm{o}}(p)= \inf\{\langle p, x)-g(x)|x\in \mathrm{Z}^{V}\}$
. , $g\text{ }(\mathrm{M}, \mathrm{L})$ , $-g$ $(\mathrm{M}, \mathrm{L})$ .
7( $\mathrm{M}$ [28, 30]) $f$ $\mathrm{M}$ , $g$ $\mathrm{M}$ , $\mathrm{d}\mathrm{o}\mathrm{m}f\cap \mathrm{d}\mathrm{o}\mathrm{m}g\neq$
$\emptyset$ $\mathrm{d}\mathrm{o}\mathrm{m}f\cdot\cap \mathrm{d}\mathrm{o}\mathrm{m}g^{\mathrm{o}}\neq\emptyset$ . $g(x)\leq f(x)(\forall x\in \mathrm{Z}^{V})$
, $\alpha^{*}\in \mathrm{Z},$ $p^{*}\in \mathrm{Z}^{V}$ ,
$g(x)\leq\alpha+\langle*px*,\rangle\leq f(X)$ $(\forall x\in \mathrm{Z}^{V})$ .
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8($\mathrm{L}$ [30]) $f$ $\mathrm{L}$ , $g$ $\mathrm{L}$ , $\mathrm{d}\mathrm{o}\mathrm{m}f\cap \mathrm{d}_{0}\mathrm{m}g\neq\emptyset$
$\mathrm{d}\mathrm{o}\mathrm{m}f\cdot\cap \mathrm{d}\mathrm{o}\mathrm{m}g^{\mathrm{o}}\neq\emptyset$ . $g(p)\leq f(p)(\forall p\in \mathrm{Z}^{V})$
, $\beta^{*}\in \mathrm{Z},$ $x^{*}\in \mathrm{Z}^{V}$ ,
$g(p)\leq\beta^{*}+\langle p,$ $x^{*}$ ) $\leq f(p)$ $(\forall p\in \mathrm{Z}^{V})$ .
9(Fenchel [28, 30]) $f$ $\mathrm{M}$ , $g$ $\mathrm{M}$ , dom $f\cap$
$\mathrm{d}\mathrm{o}\mathrm{m}g\neq\emptyset$ $\mathrm{d}\mathrm{o}\mathrm{m}f\cdot\cap \mathrm{d}\mathrm{o}\mathrm{m}g^{\mathrm{o}}\neq\emptyset$ ,
$\inf\{f(x)-g(x)|x\in \mathrm{z}^{V}\}=\sup\{g^{\circ}(p)-f\cdot(P)|p\in \mathrm{z}^{V}\}$
$\mathrm{M}$ $\mathrm{L}$ , Fenchel
. , $\mathrm{L}$ – .
,
, . ( 5)
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